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ABSTRACT. Connes gave a spectral interpretation of the critical zeros of zeta- and //-functions for a global 
field K using a space of square integrable functions on the space Ak / K* of adele classes. It is known that for 
K — Q the space Ak / K* cannot be understood classically, or in other words, the action of Q* on Aq is ergodic. 
We prove that the same is true for any global field K, in both the number field and function field cases. 



Introduction 

For a global field K, the space of adeles Ak appeared explicitly (as "valuation vectors") and the adele 
class space Ak/K* appeared implicitly in the work of Tate [19] on the functional equation for Hecke L- 
functions. More recently / K* was used by Connes |01 to construct a Hilbert space that provides a spectral 
interpretation of the critical zeros of Hecke L-functions. One of the major difficulties in constructing such a 
Hilbert space, as well as in trying to prove the Riemann hypotheses following Connes' approach, is that the 
quotient space A^- / K* is quite tricky The precise statement for K = Q is that the action of Q* on Aq is 
ergodic, so from the point of view of classical measure theory the space Aq/Q* consists of just one point. 
This is a known byproduct of the analysis of the Bost-Connes system ||3l[l5]. The aim of this paper is to prove 
that the same ergodicity holds for K* acting on A^- for an arbitrary global field K, i.e., for K an algebraic 
number field or a one- variable algebraic function field over a finite field. 

Partial results in this direction have been already known from the analysis of Bost-Connes type systems for 
global fields iTTOl [T6l ITTll . For example, for number fields by lfl6l Corollary 3.2] the action of the subgroup of 
totally positive elements in K* on W + x A^-j, given by x(t, a) = (N((x))t, xa), is ergodic. This result could 
be used to simplify some of our arguments. However, the simplifications would be non-essential, and roughly 
amount to reducing the arguments below to the case of Hecke characters (mod 1) instead of using all Hecke 
characters. We have therefore chosen to prove everything what is needed from scratch. As a consequence our 
arguments can be used to give different proofs of several results in (3j[T0j[T6j[T7l, see Sections \5A\ and [53] 



1. Main result 

Let K be a global field. Denote by Ak the adele ring of K and fi& an additive Haar measure on A^. 

Theorem 1.1. The action of K* on (Ak,Ha) by multiplication is ergodic; that is, for every K* -invariant 
measurable subset of Ak either the subset itself or its complement has measure zero. 

In order to shorten the notation we will usually omit explicit mentioning of measures. In particular, by 
ergodicity of an action we will always mean ergodicity with respect to an appropriate Haar measure, or with 
respect to the push-forward of such a measure, unless said otherwise. The ring Ak is not compact, and any 
choice of additive Haar measure ha for Ak will assign infinite measure to the full space A^. The Haar 
measure is a product-measure, and we assume for convenience that for every non- Archimedean place v of K 
the Haar measure on K v is normalized so that the measure of the maximal compact subring O v C K v is 
equal to 1. 

Our first goal is to replace A^ by a more manageable space and the action of K* by an action of a group 
of ideals on it. 
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If K is a number field, denote by O the ring of integers in K. In the case of function fields we fix 
a place oo of K, and then denote by O the ring of elements in K that have no poles away from oo, so 

o = n v ^ oc (Kno v ). 

For a non-zero ideal m in O, denote by I m the group of fractional ideals in O relatively prime to m. Denote 
by Vf the set of finite places of K and by S(m) C Vf the set of prime divisors of m. Put 

Ag( m ) '■= ] { K v , 0g( m ) ■= ] | O v 
veV f \S(m) veVf\S(xa) 

Writing m as UveS(m) P™'"> we put 

W m := 0* {m) x ft (1 +pD C := n 0* v , 
ves(m) veVf 

where p„ is the maximal ideal in O v . Identifying I m with &*s( m )/®s(m) we § et act i° ns 01 on A* K /W m and 
i ^5(m)/^s( m ) by multiplication. The Haar measure on Ag( TO ), normalized so that the measure of (9g( m ) is 

equal to 1, defines a measure on &s(m)/&s(m)- ^ ne quotient A^/-fT*W m of the idele class group is a locally 
compact group under multiplication, so it also carries a Haar measure. 

Theorem 1.2. The diagonal action of I m on (A* K /K*W m ) x (A s ^/0* s ^), equipped with the product 
measure, is ergodic for every non-zero ideal m C O. 

In the remaining part of this section we will show that the statements of Theorems 1 1 . 1 1 and 1 1 . 2 1 are equiva- 
lent. In the next two sections we then prove Theorem ll.2l for number fields. In Section|2]we give a preliminary 
result on asymptotic range of measurable cocycles, and in Section [3] we establish Theorem 1 1.21 In Section [4] 
we describe modifications to the proof needed to treat the function field case. Finally in Section [5] we give 
various remarks. 

The compact groups W m form a base of neighbourhoods of the identity in O*. Hence by averaging 
over W m we can approximate any bounded measurable function on A^ by a Wm-invariant function for 
some m. It follows that the action of K* on A^ is ergodic if and only if the action of K* on Ax/W m is 
ergodic for all m. 

Denote by K m 1 C K* the subgroup of elements a = 1 mod m, and by V m ,t C I m the subgroup of 
principal fractional ideals having a generator in K ml . Put C/ m i := K m 1 n O*. Consider the subset 

X m := iC * A s{m) x 11 (1 +PD ) ) /W m C A K /W m , 
\ \veS(m) J J 

where for number fields = fl^oo ^v- This set is K m ^invariant, the set K*X m C A/c/W m is a subset 
of full measure, and xX m n X m = for any x G K* \ K m v It follows that the action of K* on A^ /W m is 
ergodic if and only if the action of 1 on 

Xm - x A s(m )/O s(m) 

is ergodic, or in other words, the action of V m ,l — K m i/U mt i on K^/U^i x ^S(m)/^s<m) * s er § ocuc - 
Now for each m, induce the last action of Vm,l to an action of I m . So consider the space 

:= Im Xv m ,i {K*oo/U m ,l x Ag (m) /6g (m) ), 
with the action of I m defined by its action on I m in the first factor by translations. This action is ergodic if 
and only if the action of V m ,i on K^o/U m ,i X A S ^/(D* S ^ is ergodic. The map 

Im x K^/U m>1 x A s{m) /d* s{m) -»• I m x K^/Ura,! x A s{m) /d* s{m) , (a,x,b) h-> (a,x,ab), 
defines a measure class preserving homeomorphism of Y m onto 

Z m := (I m x Vm l K^/U mjl ) x A s{m) /6* s{m) . 
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Under this homeomorphism the action of I m on Y m becomes the diagonal action on Z m , with the action of I m 
on I m x-p m 1 K^/Um.i defined by the action on I m in the first factor by translations. 

Finally, the group I m x-p m 1 K^/U^i is isomorphic to the quotient of ^*s(m)/^s(-ta) x by tne subgroup 
{(x^ 1 , x) I x G 1 }. Applying the automorphism (x, y) (->• (x, y^ 1 ) of &g(m)/Ogr m ) x ^oo we conclude 
that I m Xj> m4 K^/U^x is isomorphic to the quotient of &gr m -\/Os(m) x by ^m,i un d er the diagonal 
embedding. The group -^s( m )/^s( m ) x -fQSo can be identified with 

F m := (iC x A* 5(m) x [] (1 + PD /W to C A^/WW 
\ Ves(m) / / 

We have K*H m = A* K /W m and xH m n F m = for any x € K* \ K* m l . It follows that 

H m /K* m l A* K /K*W m . 

To summarize, we have an isomorphism 

x Pbi1 K*JUn,i = A* K /K*W m 
that respects the embeddings of I m = &gr m )/@gr m y Therefore the action of K* on Ax/W m is ergodic if and 

only if the action of on I m on Z m = (A* K /K*W m ) x (&g(m)/&g( m )) is ergodic. 

This holds for all m, so the statements of Theorems 11.11 and 1 1 .2 1 are indeed equivalent. 



2. Asymptotic range of a cocycle 

Let (X, jj) be a standard measure space and TZ be an ergodic countable equivalence relation on it, as in 
Feldman and Moore Q. Assume c is a 1-cocycle on TZ with values in an abelian second countable locally 
compact group T, so c is a measurable map TZ — > T such that c(x,y)c(y, z) = c(x, z) for x y z. 
Associate to c an equivalence relation 7Z(c) onTxI defined by 

W, x) ~7£( c) (7, y) iff x ~ n y and c(x, y)/3 = 7. 

For a measurable subset A C X of positive measure denote by ca, the restriction of c to TZ n (A x A). The 
asymptotic range r* (c) C T of c is defined as the intersection of essential ranges of ca for all measurable 
subsets A C X of positive measure [5, Definition 8.2]. In other words, 7 € T belongs to r*(c) if and only 
if for every neighbourhood U of 7 and every measurable subset A C X of positive measure there exists a 
measurable subset C A of positive measure and a measurable map T : B — > A with graph in 7?- such that 
c(x, Tx) € {/ for all x E B. We recall the following facts. 

Proposition 2.1. 77je asymptotic range has the following properties: 

(i) the set r* (c) cTisd closed subgroup; 

(ii) /or <my measurable subset A C X of positive measure we have r*(cA) = r*(c); 

(iii) the equivalence relation TZ(c) onT x X is ergodic if and only ifr*(c) = T. 

Proof. Properties (i) and (ii) easily follow from definitions. Property (iii) is nontrivial, it follows from Theo- 
rem 8 in lUl (see also Propositions 8.1 and 8.3 there). □ 

Consider now a particular class of ergodic equivalence relations. Take a sequence {(X n ,^ n )}^L 1 of at 
most countable probability spaces. Put 

00 

(X,fi) := fj ( X n ,Mn). 
n=l 

Define an equivalence relation TZ on X by 

x ~7e y iff x n = y n for almost all n. 
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Assume we are given a T-valued 1-cocycle c on 1Z. An important example is the Radon-Nikodym cocy- 
cle c^. It is the W + -valued cocycle defined by 



n=l ^ n ^ Xn ) 



More generally, we say that a T-valued cocycle c is of product type if there exist maps 6 n : X n — > F such that 



c(x,y) = 9 n (y n )9 n (x n )' 



n=l 

It is not difficult to see that a cocycle c is of product type if and only if it is constant on the sets 

{(x, y) | x n = a, y n = b and x m = y m for m / n} C 71 

for all n G N and a, b G X n . 

For a finite subset / C N and a £ fine/ ^ n P ut 

Z(a) := {x G X \ x n = a n for n G /}. 

Motivated by HI define the asymptotic ratio set r(c) of a T- valued cocycle c as the set of elements 7 G T 
such that for every neighbourhood U of 7 there exist numbers i > s > 0, a sequence {/ n }^i of mutually 
disjoint finite subsets of N, subsets K n , L n C Ilfee/™ and bijections T n : K n — > L n such that 

c M (x, T n x) G [s, t] and c(x, T n x) G f7 for all x G Z(a), a G -fT n and n > 1, 

where T n denotes the obvious map U ae K n Z(a) — > UbeL n Z(b) defined by T n : K n — )■ L n , and 

00 

n=l a£K n 

Proposition 2.2. For arey Y -valued 1-cocycle conlZwe have r (c) C r* (c). cocycle c is of product type 
and for every 7 G T there exist numbers t > s > ana" a neighbourhood U of "7 smc/z ?/za? c^(x, y) G [s, t] as 
/o«g as c(x, y) G U, then r(c) = r*(c). 

Note that for the existence of s and t in the above proposition it suffices to have a continuous homomor- 
phism p: T such that p o c = c^. Similarly, if such p exists, then the requirements on s, t and in 

the definition of the asymptotic ratio set can be omitted. 

Proposition I2.2l is well-known for the Radon-Nikodym cocycle and is considered to be obvious in this 
case [9j. A rather detailed proof is contained in ifTTl Appendix A]. Essentially the same arguments work in 
the general case. Let us only sketch a proof of the inclusion r(c) C r*(c), which is the one we are going to 
use later. 

Assume 7 G r(c). Fix a neighbourhood U of 7. Choose s, t, I n , K n , L n and T n as in the definition of the 
asymptotic ratio set. Consider the sets A n := U a& K n Z(a) and B n := Ui, & L n Z(b), and put 

A := U n (A n \ U m < n (A m U jB m )) and B : = U n (S n \ U m<n (A m U £ m )) . 

Since the sets A n U -B n are mutually independent and 

Y v(A n UB n )>Y = 00, 

n n 

we have p,(A U B) = 1. Define a measurable bijective map T: A — > B as follows: if 

21 G (^4 n \ U m<n (A m U fl m )) n Z(a) 

for some a G K n , then put Tx := T n x. Then for any 3; 6 Awe have c fl (x, Tx) G [s, t] and c(x, Tx) G U. 

Observe now that if we fixed a cylindrical set Z(a) and then used only I n , K n , L n and T n with sufficiently 
large n in the above construction of A, B and T, then T would map Z(a) n ^4 onto Z(a) n .B. We can 
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therefore conclude that if Z C X is a finite union of cylindrical sets Z(a), then there exist measurable 
subsets A,BcZ and a measurable bijective map T: A — » B with graph in 1Z such that 

p(Z\ (A U B)) = 0, CpfaTx) G [s,t] and c{x,Tx) G £/ for x G A 

Any measurable subset Z' d X of positive measure can be approximated arbitrarily well by such Z. Using 
that 

^ - (a?) = Cfj,(x,Tx) G [s,t] for all xeA, 
it is easy to see that if p(Z'AZ) is sufficiently small, then 

//(z'nr^z'nB)) > o. 

Therefore T maps the subset Z' n T~ l {Z' n .£>) of Z' of positive measure into Z', and c(x,Tx) G f7 for 
any x in this subset. Since U was arbitrary, this shows that 7 lies in the essential range of cz* ■ 



3. Distribution of prime ideals in number fields 

In this section we will prove Theorem 1 1.21 for number fields K. Set n = [K : Q] = r\ + 2r2, so A^ 
and A^ each have r\ + r2 Archimedean places, with r2 of them complex. Write x := (x v ) v for elements 
of Ak, where v runs over the valuations of K. Valuations are normalized as in Tate's thesis |[T9l Sec. 2.1] and 
denoted || • \ \ v following Lang lTT2l XIV, §1], with normalized complex valuations being ||z||c := \z\ 2 - The 
idelic norm map N : A* K — > sends (x v ) v h-> J\ v \ \x\\ v . For any non-zero integral ideal m, the quotient 
norm map N m : A* K /K*W m — > W + is well-defined, and we put 

T m :=keriV m C A* K /K*W m . 

The map N: A* K — > has a splitting homomorphism s: — > A^. Fix any such continuous homomor- 
phism, for example, s(t) v = 1 for v G Vt and s(t) = (i 1 /™, i 1 /™, . . . ,t l / n ) at the n + r2 Archimedean 
places v\oo (note again that li 1 /'" - 1 1„ = t 2 / n at complex places). Using this homomoiphism we can identify 
A* K /K*W m with R* + x T m . Then the embedding 

I m R* + x T m = A* K /K*W m 

has the form a 1— > (-/V(a) -1 , /O m (a)) for some homomorphism /? m : 7 m — > T m . The group T m is a compact 
abelian Lie group whose connected components have real dimension n — 1. The points p m (a) G T m can be 
thought of as measuring generalized angles of ideals a G I m ; see Sections IJl2l and l531 below. 

Consider now the orbit equivalence relation defined by the action of I m on &s(m)/&s(m)- ^hi s act i° n is 
essentially free, so outside a set of measure zero we can define an x T m -valued 1-cocycle by 

c(x,y) = (N(a),p m (a)) if ox = y. 

Furthermore, it is easy to see that the action of I m on A S ( m ) / Og/ m \ is ergodic. (Further justification is supplied 
in the proof of Theorem 11.21 below ; more precisely, we will see there that the orbit equivalence relation on 
^5(m)/^5( m ) is ergodic, and since every 7 m -orbit in &s(m)/&s(m) intersects ^s(m)/^<j( m )> it follows that 
the action of I m on &S(m)/®'st m ) i s a l so ergodic.) Therefore the statement of Theorem 1 1.21 is equivalent to 
the equality r*(c) = x T m . 

The computation of the asymptotic range of c will rely on the following distribution result. 

Theorem 3.1. The image under p m of the set of prime ideals in O, ordered by the norm, is equidistributed 
in T m . More precisely, for any continuous function f on T m we have 



E /MP))"* / f dX " 



\{p i S(m) : N(p) < x}\ 
where A m is the normalized Haar measure on the compact group T n 



as x — > 00, 
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Proof. In order to prove the theorem it suffices to show that for any non-trivial character x of r m we have 
\{ptS( m y.N(p)< X }\ MP)) as x -> oo. 

In other words, since |{p : N(p) < x}\ ~ x/log x by the prime ideal theorem, we have to show 

x 
log x 



p^5(m):Af(p)<a; 



But by construction of p m , the character x Pm of I m is a Hecke character (mod m) that is not of the form 
o i-)- N(a) lt , t 6 I. For such characters (13.11) is well-known, see e.g. Narkiewicz Ifl4l Prop. 7.17 (3rd Ed.); 
Prop. 7.9 (2nd Ed.)]. See also Section 5.2. below. □ 

Corollary 3.2. For any subset A C r m with boundary of measure zero we have 



\{p 4 S(m) : N(p) < x and p m (p) £ A}\ = X m (A)- h o as x ->■ oo. 

log x \ log X J 

Corollary 3.3. For any subset A C T m with boundary of measure zero and any 5 > we have 



\{p 4 S(m) : x < N(p) < (1 + 6)x and p m (p) £ A}\ = X m (A)5- h o as x -> oo. 

log x \ log x J 

Proof of Theorem \L2\f or number fields. We are given an ideal m. Consider the subset @s(m)/®g(m) c 
^S(m)/^s(m)' which is of measure one. Modulo a set of measure zero it can be identified with the prod- 
uct of spaces Op jOt = Z+, for p 4. S{m), where Z + = Z>o is the additive semigroup. Then the measure is 
the product of measures /x p on Z + defined by 

Mp (n) :=N(p)- n (l-N(p)- 1 ). 

In this picture the orbit equivalence relation on Os(m)/&s(m) * s exact ly th e ergodic equivalence relation 
considered in the previous section: 



a ~ b if and only if a p = bp for almost all p, 

AS(m)/^s(m) 1 



and the cocycle ca $ ^» is the cocycle of product type defined by the maps # p : Z + — > x T 



0p(n) :=(JV(p) n ,Pm(p) n ). 

Note that these formulas show in particular that if we define a homomorphism p: R*^ x T m — > IR+ by 
p(x, 7) := x _1 , then poc coincides with the Radon-Nikodym cocycle. 

In order to prove the theorem, by Proposition ^. H it suffices to show that the asymptotic range of c 



Cs(m)/OS( m) 

is equal to x T m . Fix a point (xo,yo) £ R+ x ^m- Since the asymptotic range is a closed subgroup, it 
suffices to consider xo > 1. By Proposition 12.21 it is enough to show that (xo, yo) belongs to the asymptotic 
ratio set of ca ia* ■ This is done along familiar lines El [16]], as follows. 

Fix a neighbourhood U of (xo, yo)- Choose e > and an open subset V C T m with boundary of measure 
zero such that 

(x - e, x + e) x yoVV' 1 C U. 
Choose 6 > such that 1 + 5 < xo and 5xq < e. Define sets B n of prime ideals by 

B 2k = {P<£ 5(m) : xf < N(p) < (1 + 5)xf and p m (p) € V}, 

£ 2 fc+i = {P 4 S(m) : x 2 k+1 < N(p) < (1 + <5)xjf +1 and Pm (p) G y ^}- 
By the choice of 8 the sets B n are pairwise disjoint. By Corollary 13.31 we have 

._ . \ m (V)5x% 
\B n \ ~ — ^ — - — - as n -> 00. 
n log xq 
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In particular, there exists ko such that |i?2fc+il — \^2k\ f° r k > ko. For every k > k$ choose a subset 
Cik+\ C B 2 k+i such that |C 2 fc+i| = |-B 2 fe|. Let pi,p 2 , • • • be the elements of Uk>k B 2 k enumerated so 
that N{p\) < N(p2) < . . . , and let qi, q 2 , . . . be the elements of Uk>k C 2 k+i enumerated in the same way. 
Then, if p n G B 2 k for some k, we have q„ € B 2 k+i, and therefore 

^(qnP^ 1 ) G (x - e, x + e) and p m (q„p^ 1 ) G yoVV' 1 . 

We also have 

OO OO I D I 

YN^y y - =oo. 
i ~ rt 1 + 6 ) x l 

n=l k=ko y ' u 

Hence for the sets I n , K n and L n required by the definition of the asymptotic ratio set we can take I n = 

{p nj q n },« n = {(l,0)}cZi»andL„ = {(0 J l)}. □ 



4. Function fields 

In this section we will prove Theorem 11.21 for function fields. The strategy is the same as for number 
fields, but some changes are necessary, since for function fields the Chebotarev density theorem does not 
hold for the natural density (the density oscillates as a function of x with no limiting value), and therefore the 
straightforward analogue of Theorem 13 . 1 1 cannot be true. 

Assume K is a global function field with constant field ¥ q . In this case the image of the norm map 
N: A* K — >• is q z . Fix an idele a of norm q. Then for a given nonzero ideal m C O the group A* K /K*W m 
can be identified with a z x r m = Z x T m , where as before T m is the kernel of N m : A* K /K*W m — > q z . 
We have to show that the diagonal action of I m on Z x T m x &s(m)/&*s( m ) ^ s er g°dic. Since the group 
is profmite, we can make one more reduction and replace T m by the quotient by a compact open subgroup 
U C O^,. The group Y m /U is finite, and it is canonically isomorphic to the quotient of by the open 
subgroup a z K*UW m . By class field theory it follows that T m /U is the Galois group of a finite abelian 
extension L/K. 

Lemma 4.1. The extension L/K is geometric; that is, K and L have the same field of constants. It is 
unramified at all finite places p ^ S'(m). 

Proof. Assume the constant field of L is F g m. The Artin map — > G&\(L/K) defines a homomoiphism 
A^ — > Gal(F g m/F g ). This homomorphism factors through the divisor group of K and maps a divisor D 
to the Frobenius raised to the power degD. But by definition of L our fixed idele a acts trivially on L, so 
the corresponding divisor of degree 1 acts trivially on ¥ q m. Hence m = 1, so the extension is geometric. 
Since Og/ ra \ is contained in the kernel of the homomorphism A^ — > G&\(L/K), the extension is unramified 
at all finite places p ^ S(m). □ 

Therefore in order to prove Theorem 1 1.2l for function fields it suffices to establish the following. 

Theorem 4.2. For any non-zero ideal m C O and any finite abelian geometric extension L/K unramified at 
all finite places p ^ S'(m), the action of I m on% x Gsl{L/K) x ^s(m)/^s(m)' 8^ ven by 

a(n, g, x) = (n + deg a, a(a)g, ax), 

where a: I m — > G&\(L/K) is the Artin map, is ergodic. 

This result is, in fact, a consequence of ITF71 Theorem 2.1], but here we will sketch a slightly different proof 
following the arguments of the previous section. It should also be remarked that the theorem is not true for 
non-geometric extensions, see Section [531 
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Proof of Theorem W2\ Similarly to the proof of Theorem l 1 . 2l for number fields define aZx Gal(L/i^)-valued 
cocycle c on the orbit equivalence relation on As(m)/^s(m) ^ v 

c{x,y) = (dega,cr(o)) if ax = y. 

We aim to show that the asymptotic range of c is Z x Ga\(L/K). For this it suffices to show that for any 
g E G&l(L/K ) the element (1, g) belongs to the asymptotic ratio set of the restriction of c to the equivalence 
relation on IIp^so) ®P /®p — T\p^S(m) ^ or trus > define sets B n of prime ideals by 

B2k = {p £ S(m) : degp = 2k and a(p) = e}, 

#2fc+i = {P £ S{ya) : degp = 2k + 1 and <j(p) = 5 }. 
By the Chebotarev density theorem for function fields, see e.g. (6J Proposition 6.4.8], we have 

n 

n[L : A J 

Proceeding now as in the proof of Theorem 11.21 for number fields, we conclude that (l,g) belongs to the 
asymptotic ratio set. □ 



5. Remarks 

5.1. Ergodicity of an action implies that the orbit of almost every point is dense. However the converse 
assertion is not true in general. Here it is not difficult to show directly the density of almost every orbit of 
the action of K* on Ak- More precisely, the orbit of every non-invertible adele a such that a v ^ for all 
places v is dense. This was observed for K = Q by Laca and Raeburn lITTl Lemma 3.2]. In order to prove 
the same for an arbitrary global field K fix b E Ar and a neighbourhood U of b. We want to find x E K* 
such that xa E U. The set U contains an open subset of the form V x (6/ + a), where V C \ {0}, a is a 
non-zero ideal in O and a is the closure of a in O. 

We claim that there exists q € K* such that qaj E a and a^V + qO = K^. In order to see this choose 
y E O x such that yaf E o. Consider the set {v\,V2, . . . } of finite places v £ 5(a) such that \\a v \\ v < 1. 
Note that since a is not invertible and a v ^ for all v, this set is infinite. Consider the sequence of ideals 
win = Pvi ■ ■ -Pv n in O. Choose a subsequence {m nfe }^l 1 belonging to the same ideal class. Then the 
ideals vci~^vci nk = p Vni+1 Pv ni+2 ■ ■ ■ Pv nk are principal. Let Z\, be a generator of m^m,^. Then the elements 
qk = z7 y E K* have the properties that q^cif E o and N((qk)) — > as k — > oo. Since O is a cocompact 
lattice in and since for appropriate units Uk E O* we have — > for every v\oo, for sufficiently 
large k we get a^V + qkO = K^. Thus our claim is proved. 

We can now find the required element x. First, using density of K in Akj, choose x' E K such that 
x'af E bj + a. Next, using that a^V + qO = K^, choose y E O such that x' + qy £ a^ 1 ^- Then the 
element x = x' + qy E K has the properties that xa^ E V and xaj = x'af + qyaf E 6/ + a, as qaf E a. 
Therefore ia£Fx (6j + a) C J7. Since £ V, we must have x E A'*. 

5.2. For general number fields K the key result underlying the proof of Theorem l 1. H is Theorem l3.ll which 
gives equidistribution over the group T m . This result uses the full set of Hecke characters ("Grossencharac- 
ters") of the field K, as introduced in Hecke Q, JH, and given in Narkiewicz 04, Sect. 7.3 (2nd Ed)] or 
Neukirch ifTS,, Chap. VII.6]. If K ^ Q then the set of such Grossencharacters includes characters of infinite 
order. The equidistribution result in Theorem 13.11 for number fields is at bottom derived using the fact that 
the L-functions of Grossencharacters are free from zeros and poles on the line Re(s) = 1, except for the 
characters N{-) lt having simple poles at s = 1 — it. Since L(s , N '(•)** ] \) = L(s + it,x), it makes sense 
to normalize characters, that is, to fix representatives among the characters that differ by a factor N{-) lt . In 
this and the next subsection we fix the section s{t) = (t 1 /™ . . . , tV» 1, 1, . . . ) of the norm map, and call 
a character of A* K /K* normalized if it is trivial on s(R^). This normalization agrees with Lang lfT2l . but 
differs from Narkiewicz lfT4l . 
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In order to describe the nature of the groups Ak / K* W m and r m in more classical language, observe that 
the quotient of Aj(/K*W m by is isomorphic to the finite group C m = Im/Vm,!, the ray class group 
modulo m. We therefore have a short exact sequence 

1 -> K^/U^i -> A K /K*W m C m -> 1. 

Hence / K* W m is an abelian Lie group with finitely many connected components, and with the connected 
component of the identity isomorphic to K^ /U^ 1 , where A'+ is the connected component of the identity 
in and C/+ 1 = JJ m i n is the group of totally positive units mod m. 

For an Archimedean place v put N v = 1 if v is real and N v = 2 if v is complex. Denote by 1 C 

the subgroup of elements x such that n^|oo ll^fllw = Y[ v \oo l 3 ^!^" = 1- Then we also have a short exact 
sequence 

i -»• k^/u^i -> r m -> c m -> i. 

The homomorphism p m : I m — > T m is such that the image of p m (a) in C m is the class [a] of a, and if o = (x) 
for some x G lt then 

where Soo (f) = (i 1 /™, . . . ,i 1/n ) G if^. More explicitly, the group T m can be described as the quotient of 
I m x i/U mi i by V m ,i under the diagonal embedding, where the homomorphism "P TO) i — > \/U my \ is 
given by (x) s^N {(x)))-~ l xU^x for x € 

Let ri and r 2 be the number of real and complex places of K, respectively, with n = r\ + 2r2- Then = 
W 1 x C r2 . The connected component K+/U+ A of the identity mA K /K*W m has the form W 1+2r2 /A m , for 
a certain lattice A m of (non-full) rank n + 2r2 — 1 which (under a logarithmic change of variable) encodes the 
unit lattice together with additional lattice vectors encoding the ambiguity of the argument at each complex 
place. The connected component of the identity of the smaller group F m is then V/A m , where V is the real 
subspace of W 1 of dimension n — 1 spanned by the lattice A m . We emphasize that the lattice A m has rank 
n — 1 which for r2 > is larger than the standard logarithmic encoding in R ri+r2 of the unit lattice of rank 
T\ + T2 — 1 used for computing the regulator of the field K (as in Lang lfT2l Chap. V]). The standard encoding 
detects only size information on the units, while the lattice A m contains an extra T2 components that encode 
information on the complex arguments ("angles") of the units. 

We give an example. Take K = Q(0) to be a (non-Galois) real cubic field of discriminant dx = —23 
obtained by adjoining the real root of A 3 — X — 1 = 0. This equation has one real root 6 pa 1.3247 and two 
conjugate complex roots = ~^ e±27Tl ^- An important feature is that the angle (p is irrational, because all 
nonzero powers of $ + are non-real, since Q(t? + ) contains no real units except ±1. It is known that the field K 
has ring of integers O = Z[l, 6, 6 2 ] . The unit rank of K is r\ + r% — 1 = 1, and 6 is a fundamental unit of K. 
We choose m = (1) to be the unit ideal. The field K is known to have class number 1, so that I m = V mt i, and 
the group A* K /K*W m = A* K /K*0* is isomorphic to K^/U^i, with U m> i = Uk being the full unit group. 
Since —1 € U m ,i, this group is connected, so it coincides with K^/U^, where is the group of totally 
positive units, and = x C* . Under the logarithmic change of coordinate sending log : — > R and 
log: C* -> R © M/27rZ, the group is mapped to a 1-dimensional lattice in R © R © R/27rZ, with basis 
vector: 

Vl = (Iog0,-ilog0,27n£), 

with the argument defined (mod 2-k). We can lift this lattice to R 3 , to obtain a 2-dimensional lattice with a 
second basis vector coming from the ambiguity of the argument: 

v 2 = (0,0,2vr). 

Thus we obtain a 2-dimensional lattice A K := Z[vi, v 2 ] inside R 3 . Then the group A* K /K*0* = K^/U^ 
can be identified under the logarithmic map with R. 3 /Ak, with v 2 removing the ambiguity of the branch of the 
logarithm. Now let V be the 2-dimensional subspace R[vi, v 2 ], given explicitly by V = {x = (x%, X2, £3) : 
x\ + 2x2 = 0}. Then we may similarly identify T m = F% with V/Ak, which is a torus of dimension 
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n — 1 = 2. The normalized Grossencharacters (mod 1) form the dual of T\, that is, a group isomorphic 
to Z 2 ; all but one of these are characters of infinite order. These characters take the angles in the complex 
embeddings of K into account. 

In order to give these Grossencharacters explicitly we need a formula for the projection R 3 — > V along the 
line R(l, 1, 0) Cl 3 , which corresponds to our fixed embedding of M.+ into A^. For this, take the dual basis 
{wi, W2} to {vi, V2} viewed in the subspace W orthogonal to R(l, 1, 0) with respect to the standard scalar 
product (w, x) = w\Xi + u>2X2 + W3X3. 

= ( J* 2_ _ 20 20 1 

Wl l 31og0' 31og#' j ' W2 1 31og^'31og^'27r j - 

Then the projection is given by x 1— >■ (wi,x)vi + (w2,x)v2. Now, given a non-zero ideal a = (a) in K, 
by multiplying by —1 if necessary we may suppose that the generator a > 0. Then the algebraic conjugate 



of a in the field Q($ + ) takes the form a + = y EM. e 2 ^ ) where ip = ip(a) is well-defined (mod 1). The 
normalzied Grossencharacter XkiM corresponding to (fci, £2) € I? assigns a the value 

Xfcl>fe2 (a) := e -2"(fei(wi,x>+fe 2 (w 2 ,x)) ) 
where x = x(a) = (log a, — | log a + \ log N(a), 27T0) is the image of a under the logarithm map. 

5.3. Theorem 13. 1[ or rather Corollary 13.21 generalizes a result of Mitsui ifTBl Section 3] on distribution of 
prime ideal numbers, which in turn generalizes earlier results of Hecke and Rademacher for quadratic number 
fields. In order to see this consider the homomorphism 9 : — > that replaces every coordinate x v of 
x G K for a real Archimedean place v by \x v \. Since the group Jf+/0(i7 m) i) is divisible, the homomor- 
phism 9: K^/U m>1 -> K+/0(U mjl ) extends to a homomorphism 9 m : A* K /K*W m -> K+/6(U m) i). The 
homomorphism 9 m maps T m onto l /9(U m ^i), where l = n 1 . It follows that the image 
of the prime ideals under 9 m o p m , ordered by the norm, is equidistributed in 1 /9(U mt i). But we can 
conclude more. 

Fix an ideal G I m and consider its class [a] in the ray class group C m . Identifying the set of cosets 
of i/U m> i in T m with C m , by Theorem 13. II we conclude that the prime ideals in the class [a] have density 
|C m | _1 = hj c 1 (p(m)^ 1 in the set of all prime ideals, and their image under p m , ordered by the norm, is 
equidistributed in the corresponding coset of 1 /U mj i. The homomorphism 9 m maps surjectively every 
such coset onto 1 /9{U m ,i)- It follows that: the set {(9 m o p m )(p) \ p G [0]}, ordered by the norm, is 
equidistributed in i/9{U m ^\). 

Consider now ideal numbers K* C K c , where Kq = Y[ v \oc ^- They are constructed as follows (see 
e.g. lfT8l p. 486]). Let V be the group of principal fractional ideals, and I be the group of all fractional 
ideals. Since the group K c is divisible, the canonical homomorphism V = K* /O* — > K^/O* extends to a 
homomorphism / — > K^/O*. Consider the image of this homomorphism. Then take K* to be its preimage 
in K c . The point of introducing ideal numbers is to provide a mechanism to assign "angles" to non-principal 
ideals, since elements of K c have well-defined angles componentwise. 

Fix an ideal number a G K* representing a. Then every ideal b G I m in the class [0] G C m can be 
represented by a unique, up to a factor from U m ^\, ideal number b lying in x a; in other words, b G K* 
is such that b = a mod m. The homomorphism 9 : — > iv~+ constructed earlier has an extension to Kg 
defined in the same way. We therefore get an element 6(b)9(U m> i) G K^/9{U m ^i) that depends on b and a, 
but not on the choice of S. Finally, define p(b) := s 00 (N(b))- 1 9(b)9(U m)1 ) G K^J9(U mA ). Then the 
result of Mitsui can be formulated by saying that for certain sets A C K^ 1 /^(J7 m ,i) with boundary of 
measure zero we have 

\{p G [a] I N(p) < x and p(p) G A}\ = - X ^\ X + o 



hxfifn) log x \logx 
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where A m is the normalized Haar measure on l /Q{U m) \). But by construction we have 

P(p) = p(o)(9 m o p m )(a)(6 m o p m )(p)- 1 , 

so this is the same equidistribution result as the one stated in italics above. Mitsui's result, however, is stronger 
in that he obtains an estimate of the remainder term for sets A of a particular shape, and obtaining a remainder 
term is where the main work of Mitsui's paper lies. 

5.4. As was already mentioned in the introduction, our ergodicity result is closely related to the analysis of 
Bost-Connes type systems. To make the connection more precise let us state the result in yet another form. 
Let Ck = A* K /K* be the idele class group, and consider the balanced product Cjc Xq* &KJ- The action 
g(x,y) = {xg~ l ,gy) of A^ ^ on A^- x Akj defines an action of the group / = A* K ^/O* of fractional 
ideals on Ck Xq* Akj- Then a statement equivalent to Theorem [T7TJ is that the action of I on Ck Xq, Akj 
is ergodic. Indeed, as in Section [TJ ergodicity of this action is equivalent to ergodicity of the action of I on 
Ck x 0* (Ajcj/Wm) = (Cif/W m ) x^, Akj f° r ai l m > which, in turn, is the same as ergodicity of the action 
of I m on (Cx/W-m) x (A S ( ra )/(9g/ TO A and this is exactly Theorem [L2l 

Assume now that K is a number field and consider the compact group C K = ker(iV: Ck — > Ml). 
Identifying it with the quotient Ck /s(M* + ), where s is as before a section of the norm map, we get an action 
of / on C K Akj. Then ergodicity of the action of / on Ck Xq* Akj means the following: the action 
of I on C K x^» Akj is ergodic of type \\\\. For K = Q this is known to be equivalent to the statement of 
the Bost-Connes phase transition theorem [3] for the inverse temperature /3 = 1, see Remarks in ifTSl . For 
general number fields this is stronger than what has been proved for Bost-Connes type systems iFTOlfToll . as in 
such systems the group C K is replaced by its quotient G&\{K ab /K) = Ck/ K^. The same arguments can be 
used for all /3 G (0, 1], and together with the technique developed in [ 10 ] for /3 > 1 this leads to the following 
generalization of the Bost-Connes phase transition theorem, formulated in dynamical systems terms. 

Theorem. For a number field K the following hold: 

(i) for every /3 € (0,1] there exists a unique Borel measure fj,p on C K x ^» Akj with /j,p(C K x^.O) = 1 
and with np(a-) = N(a)~^ jug for all a G I; furthermore, the action of I on (C K x^„ Akj, Hp) is 
ergodic of type \\\\; 

(ii) for every {3 G (l,+oo) there exists a bijective correspondence between points of C K x^ O* = 
C K and extremal Borel measures v on C\ x^* Akj such that v(C K x^ O) = 1 and v(a-) = 
N(a)~^vfor all a G /; namely, the measure corresponding to a point x G C K x^„ O* is given by 

5.5. In the global function field case with field of constants ¥ q the equidistribution result analogous to 
Theorem [37TJf ails because the L-f unction attached to the trivial Grossencharacter has an infinite set of simple 
poles on the line Re(s) = 1 at s = 1 + These extra poles produce oscillations in the counting function 
of the Dirichlet series coefficients below x. For geometric extensions the pole locations and residues for the 
trivial character do not change on the line Re(s) = 1, and the ergodicity result can still be obtained in this 
case. However for non-geometric extensions, the change to the ground field ¥ q m produces an L-function for 
the trivial character having a closer spacing of poles on the line Re(s) = 1. 

Assume K is a global function field and L is a finite abelian extension of K unramified at all finite places 
p ^ 5(m). As in Theorem 14.21 consider the action of I m on Z x Gal(L/K) x A s ^/(D* s ^ m y given by 

a(n, g, x) = (n + deg a, a(a)g, ax). 

If the extension L/K is not geometric, then this action is not ergodic, since the image T of I m in Z x 
G&l(L/K) under the homomorphism a i-> (deg a, a(a)) is a proper subgroup. Namely, if the constant field 
of L is ¥ q m, then T is the kernel of the homomorphism 

Z x G&1(L/K) -> Gal(F, m /F g ), (n,g) ^ (g\ ¥qm ) Frob"" F . 



12 



J.C. LAGARIAS AND S. NESHVEYEV 



Nevertheless Theorem 14.21 can be formulated by saying that the kernel of the homomorphism I m — >■ Z x 
Gal(L/K), a h-» (dega, cr(o)), acts ergodically on A s ^/(D* s ^ m y and in this form the theorem remains true 
for non-geometric extensions. To put it differently, the asymptotic range of the cocycle c defined in the proof 
of Theorem 14.21 is exactly the subgroup T C Z x G&\(L/K). This is basically a reformulation of results of 
ifTTl Section 2], and this can also be proved using the same arguments as in our proof of Theorem 14. 21 
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